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TWISTED LEFSCHETZ NUMBERS OF INFRA-SOLVMANIFOLDS
AND ALGEBRAIC GROUPS
HISASHI KASUYA
Abstract. Twisted Lefschetz numbers are extensions of the ordinary Lefschetz
numbers for cohomologies with values in flat bundles. As a generalization of lin-
earization formula for the ordinary Lefschetz number of a self-map of a nilmanifold,
we show that a twisted Lefschetz number of any self-map of any infra-solvmanifold
is equal to the determinant det(I − A) for some matrix A by using the cohomology
of algebraic groups.
1. Introduction
Let M be a compact manifold and E be a flat vector bundle over M . We consider
the cohomology H∗(M,E) with values in E. Let ϕ :M →M be a smooth map and a
morphism Ξ : ϕ∗E → E of flat bundle where ϕ∗E is the pull-back of E. Consider the
induced map Ξ ◦ϕ∗ : H∗(M,E)→ H∗(M,E). We define the twisted Lefschetz number
L(ϕ,E,Ξ) =
∑
i
(−1)itrace(Ξ ◦ ϕ∗)|Hi(M,E).
As the ordinary Lefschetz number, we can show the Lefschetz fixed point formula
for the twisted Lefschetz number (see [1]). In general, computations of the twisted
Lefschetz numbers are harder than computations of usual Lefschetz numbers. In this
paper we give a simple formula for twisted Lefschetz numbers of maps of solvmanifolds
and infra-solvmanifolds which is a generalization of ”linearization formula” for ordinary
Lefschetz numbers of maps of nilmanifolds.
In this paper solvmanifolds (resp. nilmanifolds) are compact homogeneous spaces
of connected solvable (resp. nilpotent) Lie groups. We say that a solvmanifold (resp.
nilmanifold) M has a discrete presentation (G,Γ) if there exists a simply connected
solvable (resp. nilpotent) Lie group G with a cocompact discrete subgroup Γ so that
M is diffeomorphic to G/Γ. It is known that every nilmanifold M has a discrete
presentation (G,Γ) (see [9]).
Consider a nilmanifold G/Γ for a discrete presentation (G,Γ). For a smooth map
ϕ : G/Γ → G/Γ, since the fundamental group of G/Γ is Γ, we have the map f : Γ →
Γ induced by ϕ. It is known that any homomorphism between cocompact discrete
subgroups of simply connected nilpotent Lie groups can be extended to a Lie group
homomorphism. Hence we have a extension T : G → G of f . In [12], Nomizu showed
that the de Rham cohomology of a nilmanifold G/Γ for a discrete presentation (G,Γ) is
isomorphic to the Lie algebra cohomology of the Lie algebra g of G. Hence, considering
the induced homomorphism T∗ : g → g, taking a matrix presentation A of T∗ : g → g,
we can get the ”linearization formula”
L(ϕ) = det(I −A)
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where L(ϕ) is the ordinary Lefschetz number.
We are interested in getting a ”linearization formula” for solvmanifolds. But there
are many difficulties:
• In general, a solvmanifold M do not have a discrete presentation (G,Γ).
• In general, for a simply connected solvable Lie group with a cocompact dis-
crete subgroup Γ, a homomorphism Γ → Γ is not extended to a Lie group
homomorphism G→ G.
• In general, the de Rham cohomology of a solvmanifold G/Γ for a discrete pre-
sentation (G,Γ) is not isomorphic to the Lie algebra cohomology of the Lie
algebra g of G.
Assuming some conditions, we can get a ”linearization formula” (see for examples [10]
and [8]). However on the usual Lefschetz number of any self-map of any solvmanifold,
it seems to be difficult to get a ”linearization formula”.
In this paper we consider the more general setting. An infra-solvmanifold is a man-
ifold of the form G/∆, where G is a simply connected solvable Lie group, and ∆ is a
torsion-free subgroup of Aut(G)⋉G such that the closure of h(∆) in Aut(G) is compact
where h : Aut(G)⋉G→ Aut(G) is the projection. An infra-solvmanifold is a general-
ization of a solvmanifold. The purpose of this paper is to give a ”linearization formula”
for any self-map of any infra-solvmanifold by using the twisted Lefschetz number and
algebraic groups.
2. Rational cohomology of algebraic groups
Let G be a real algebraic group. We denote by U(G) the unipotent radical of a real
algebraic group G. It is known that the extension
1 // U(G) // G // G/U(G) // 1
splits [11]. We denote by R[G] the coordinate ring of G.
For a real algebraic group G and a rational G-module V , we define the rational
cohomology H∗(G, V ) = Ext∗G(R, V ) as [5] and [7]. We have
H∗(G, V ) = H∗(U(G), V )G/U(G)
(see [5],[3]).
Consider the coordinate ring R[G/U(G)] of G/U(G) as a G-module. We have
H∗(G,R[G/U(G)]) = H∗(U(G),R)
(see [7, Part I. 4.7]). Since G/U(G) is a reductive group, the module R[G/U(G] is
completely reductive. Hence for a sub-module V ⊂ R[G/U(G)], we have a projec-
tion R[G/U(G] → V and we have the inclusion H∗(G, V ) ⊂ H∗(G,R[G/U(G)]). Since
H∗(U(G),R) is finite-dimensional, we can take a finite dimensional sub-module V ⊂
R[G/U(G] such that
H∗(G, V ) = H∗(G,R[G/U(G)]) = H∗(U(G),R).
Consider the Lie algebra uG of U(G) and the Lie algebra cohomology H
∗(uG ,R). Then
the functor from the category of rational U(G)-modules to the category of uG-modules
induces an isomorphism
H∗(U(G),R) ∼= H∗(uG ,R)
(see [5]).
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3. Group cohomology of torsion-free virtually polycyclic groups
In this section we consider representations of virtually polycyclic groups in algebraic
groups.
Lemma 3.1. ([14, Lemma 4.36.]) Let Γ be a torsion-free virtually polycyclic group. For
a finite-dimensional representation ρ : Γ → GLn(R), denote by G the Zariski-closure
of ρ(Γ) in GLn(R). Then we have dimU(G) ≤ rankΓ.
By this lemma, we consider the following definition.
Definition 3.2. Let Γ be a torsion-free virtually polycyclic group. For a real algebraic
group G, a representation ρ : Γ → G is called full if the image ρ(Γ) is Zariski-dense in
G and we have dimU(G) = rankΓ.
We can compute the group cohomology of torsion-free virtually polycyclic groups by
using rational cohomology of algebraic groups.
Theorem 3.3 ([6]). Let Γ be a torsion-free virtually polycyclic group. We suppose that
we have a real algebraic group G and an injection Γ ⊂ G which is a full representa-
tion. Let V be a rational G-module. Then the inclusion Γ ⊂ G induces a cohomology
isomorphism
H∗(G, V ) ∼= H∗(Γ, V ).
For any torsion-free virtually polycyclic group, we have a good full representation.
Definition 3.4. We call a real algebraic group AΓ a real algebraic hull of Γ if there
exists an injective group homomorphism ψ : Γ→ AΓ so that
• ψ : Γ→ AΓ is a full representation.
• ZAΓ(U(AΓ)) ⊂ U(AΓ) where ZAΓ(U(AΓ)) is the centralizer of U(AΓ).
Theorem 3.5. ([2, Theorem A.1]) There exists a real algebraic hull of Γ and a real
algebraic hull of Γ is unique up to algebraic group isomorphism.
4. Main result
Let M be an infra-solvmanifold and ϕ : M → M a smooth map. It is known that
the fundamental group Γ of M is torsion-free virtually polycyclic. We consider the
homomorphism f : Γ→ Γ which is induced by ϕ :M →M .
Take the real algebraic hull ψ : Γ → AΓ of Γ. Define Φf : Γ → AΓ × AΓ as
Φf (γ) = (ψ(γ), ψ ◦ f(γ)). Let Gf be the real Zariski-closure of Φf (Γ) in AΓ × AΓ.
For the projection p1 : AΓ × AΓ ∋ (a, b) 7→ (a) ∈ AΓ, we consider the restriction
Π : Gf → AΓ of p1 on Gf . Then we have the commutative diagram
Gf
Π // AΓ
Γ
Φf
aa❇
❇
❇
❇
❇
❇
❇
❇
ψ
OO .
Since Φf and ψ have the Zariski-dense images, the map Π is surjective and hence
Π(U(Gf )) = U(AΓ). By Lemma 3.1, dimU(Gf ) = dimU(AΓ) and hence Π gives an
isomorphism U(Gf ) ∼= U(AΓ). Thus Φf : Γ→ Gf is a full representation.
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For the projection p2 : AΓ × AΓ ∋ (a, b) 7→ (b) ∈ AΓ, we consider the restriction
F : Gf → AΓ of p2 on Gf . Then we have the commutative diagram
Gf
F // AΓ
Γ
Φf
OO
f // Γ
ψ
OO .
Consider the restriction F : U(Gf ) → U(AΓ). Since we have an isomorphism Π :
U(Gf ) ∼= U(AΓ), we obtain the linear map S : uAΓ → uAΓ which is the differential of
the algebraic group homomorphism F ◦Π−1 : UAΓ → UAΓ where uAΓ is the Lie algebra
of UAΓ .
Theorem 4.1. We have a flat vector bundle E over M and a morphism Ξ : ϕ∗E → E
of flat bundle such that
L(ϕ,E,Ξ) = det(I −A)
where A is a matrix presentation of S : uAΓ → uAΓ .
Proof. ByH∗(AΓ,R[AΓ/U(AΓ)]) = H
∗(U(AΓ),R) andH
∗(Gf ,R[Gf/U(Gf )]) = H
∗(U(Gf ),R),
the map F ∗ : H∗(AΓ,R[AΓ/U(AΓ)]) → H
∗(Gf ,R[Gf/U(Gf )]) is identified with F
∗ :
H∗(U(AΓ),R)→ H
∗(U(Gf ),R).
Take a finite dimensional sub-module V ⊂ R[AΓ/U(AΓ)] such that
H∗(AΓ, V ) = H
∗(AΓ,R[AΓ/U(AΓ)]) = H
∗(U(AΓ),R)
as Section 2. We consider Π∗V ⊂ R[Gf/U(Gf )]. Since Π : U(Gf ) → U(AΓ) is an
isomorphism, the map Π∗ : H∗(U(AΓ),R) → H
∗(U(Gf ),R) is an isomorphism. We
have the commutative diagram
H∗(AΓ, V )
Π∗ // H∗(Gf ,Π
∗V )
 _

H∗(AΓ,R[AΓ/U(AΓ)])
Π∗ // H∗(Gf ,R[Gf/U(Gf )])
H∗(U(AΓ),R)
Π∗(∼=) // H∗(U(Gf ),R)
.
By this, we can say H∗(Gf ,Π
∗V ) = H∗(Gf ,R[Gf/U(Gf )]).
Since the moduleR[Gf/U(Gf )] is completely reductive by the reductivity of Gf/U(Gf ),
we have the projection R[Gf/U(Gf )]→ Π
∗V . Consider the restriction ξ : F ∗V → Π∗V
of this projection. The map H∗(AΓ, V ) → H
∗(Gf ,Π
∗V ) induced by F and ξ is iden-
tified with F ∗ : H∗(U(AΓ),R) → H
∗(U(Gf ),R). Consider V , Π
∗V and F ∗V as Γ-
modules via Φf and ψ. Then we have V = Π
∗V as a Γ-module. By Theorem 3.3,
the induced maps ψ : H∗(AΓ, V ) → H
∗(Γ, V ), Φf : H
∗(Gf , F
∗V ) → H∗(Γ, f∗V ) and
Φf : H
∗(Gf ,Π
∗V )→ H∗(Γ, V ) are all isomorphisms.
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By these arguments, we have the commutative diagram
H∗(Γ, V )
f∗ // H∗(Γ, f∗V )
ξ // H∗(Γ, V ) H∗(Γ, V )
H∗(AΓ, V )
ψ(∼=)
OO
F ∗ // H∗(Gf , F
∗V )
Φf (∼=)
OO
ξ // H∗(Gf ,Π
∗V )
Φf (∼=)
OO
H∗(AΓ, V )
ψ(∼=)
OO
H∗(AΓ,R[AΓ/U(AΓ)])
F ∗ // H∗(Gf ,R[Gf/U(Gf )]) H
∗(AΓ,R[AΓ/U(AΓ)])
H∗(U(AΓ),R)
F ∗ // H∗(U(Gf ),R)
(Π−1)∗(∼=) // H∗(U(AΓ),R)
.
As Section 2, we have
H∗(U(AΓ),R)
∼=

(F◦Π−1)∗ // H∗(U(AΓ),R)
∼=

H∗(uAΓ ,R)
(F◦Π−1)∗
// H∗(uAΓ ,R)
.
Hence, taking a matrix presentation A of the Lie algebra homomorphism S : uAΓ →
uAΓ induced by F ◦ Π
−1
|U(Gf )
: UAΓ → UAΓ , we have L(f, V, ξ) = det(I − A) where
L(f, V, ξ) =
∑
i(−1)
itrace(ξ ◦ f∗)|Hi(Γ,V ).
Therefore, taking the flat bundle E which corresponds to V and the morphism
Ξ : ϕ∗E → E of flat bundle which corresponds to ξ, we have
L(ϕ,E,Ξ) = L(f, V, ξ) = det(I −A).
and hence we complete the proof of Theorem 4.1. 
Remark 1 (see [14], [13]). SupposeM is a nilmanifold. Then the fundamental group Γ
of M is a finitely generated nilpotent group. In this case, the real algebraic hull AΓ is
unipotent (i. e. AΓ = U(AΓ)) and hence we can take V = R. Moreover U(AΓ) can be
considered as a simply connected nilpotent Lie group which contains Γ as a cocompact
discrete subgroup. Hence in nilmanifold case, Theorem 4.1 is the linearization formula
for the ordinary Lefschetz number of a self-map of a nilmanifold as we explained in
Introduction.
5. Application
We consider a solvmanifold G/Γ for a discrete presentation (G,Γ) with a smooth
map ϕ : G/Γ → G/Γ. Let g be the Lie algebra of G. We suppose that the induced
map ϕ∗ : Γ→ Γ can be extended to a Lie group homomorphism T : G→ G. Consider
the induced map T∗ : g → g. If an isomorphism H
∗(G/Γ,R) ∼= H∗(g,R) holds, then
we have the equation
L(ϕ) = det(I −B)
where B is a matrix presentation of T∗ : g → g. But in general an isomorphism
H∗(G/Γ,R) ∼= H∗(g,R) do not hold. Thus the equation L(ϕ) = det(I − B) do not
hold. Even if an isomorphism H∗(G/Γ,R) ∼= H∗(g) do not hold, it is desirable that
the number det(I − B) gives some information for fixed points. As an application of
Theorem 4.1, we have the following theorem.
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Theorem 5.1. Let G be a simply connected solvable Lie group with a cocompact discrete
subgroup Γ and g the Lie algebra of G. Let ϕ : G/Γ→ G/Γ be a smooth map such that
the induced map ϕ∗ : Γ→ Γ can be extended to a Lie group homomorphism T : G→ G.
Take a matrix presentation B of the induced map T∗ : g → g. Then there exists a flat
bundle E and a morphism Ξ : ϕ∗E → E of flat bundle such that
L(ϕ,E,Ξ) = det(I −B).
Proof. Let G be a simply connected solvable Lie group. For a finite dimensional repre-
sentation ρ : G → GLn(R), taking the Zariski-closure G of ρ(G), we have dimU(G) ≤
dimG ([14, Lemma 4.36.]). As virtually polycyclic case, for a real algebraic group G
and a representation ρ : G→ G, we say that ρ is a full representation if the image ρ(G)
is Zariski-dense in G and we have dimU(G) = dimG.
We call a real algebraic group AG a real algebraic hull of G if there exists an injective
Lie group homomorphism ψ′ : G→ AG so that:
• ψ′ : G→ AG is a full representation.
• ZAG(U(AG)) ⊂ U(AG).
As similar to virtually polycyclic case, there exists an algebraic hull of G and an
algebraic hull of G is unique up to algebraic group isomorphism (see [14, Proposition
4.40, Lemma 4.41]).
Take the real algebraic hull ψ′ : G→ AG of G. We suppose that G has a cocompact
discrete subgroup Γ. Let f : Γ → Γ be a homomorphism which can be extended to
a Lie group homomorphism T : G → G. Define ΦT : G → AG × AG as ΦT (g) =
(ψ′(g), ψ′ ◦ T (g)). Let GT be the real Zariski-closure of Φf (G) in AG × AG. For the
projection p′1 : AG×AG ∋ (a, b) 7→ (a) ∈ AG, we consider the restriction Π
′ : GT → AG
of p′1 on GT . Then we have the commutative diagram
GT
Π′ // AG
G
ΦT
aa❈
❈
❈
❈
❈
❈
❈
❈
ψ′
OO .
For the projection p′2 : AG × AG ∋ (a, b) 7→ (b) ∈ AG, we consider the restriction
F ′ : GT → AG of p2 on GT . Then we have the commutative diagram
GT
F ′ // AG
G
ΦT
OO
T // G
ψ′
OO .
As similar to Section 4, we can show that Π′ gives an isomorphism U(GT ) ∼= U(AG).
It is known that the real Zariski-closure of ψ′(Γ) in AG is the real algebraic hull AΓ
of a torsion-free polycyclic group Γ and UAΓ = UAG (see [14, Proof of Theorem 4.34]).
Hence, by restricting on Γ, the maps ψ′, ΦT , Π
′ and F ′ give the maps ψ, Φf , Π and F
as in Section 4. In particular the map F ◦Π−1 : UAΓ → UAΓ is identified with the map
F ◦ Π′−1 : U(AG)→ U(AG). Since the extension
1 // U(AG) // AG // AG/U(AG) // 1
splits, we have the projection map q : AG → U(AG). Then it is known that the
composition Q = q ◦ ψ′ : G → U(AG) as a smooth map is a diffeomorphism (see [2,
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Proposition 2.3]). Hence we have the commutative diagram
U(AΓ)
F◦Π−1// U(AΓ)
G
Q(∼=)
OO
T // G
Q(∼=)
OO
.
Hence the linear map S : uAΓ → uAΓ induced by F ◦ Π
−1 : UAΓ → UAΓ is identified
with the linear map induced by Q ◦ T ◦ Q−1. Hence taking a matrix presentation A
of the Lie algebra homomorphism S : uAΓ → uAΓ and a matrix presentation B of the
induced map T∗ : g→ g, we have det(I −A) = det(I −B).
In the setting of Theorem 5.1, taking the flat bundle E and the morphism Ξ :
ϕ∗E → E of flat bundle as Section 4, we have L(ϕ,E,Ξ) = det(I −A). Hence we have
L(ϕ,E,Ξ) = det(I −B).
Hence we complete the proof of Theorem 5.1.

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